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Abstract

We study the computational complexity of some axiomatic exten-
sions of the monoidal t-norm based logic (MTL), namely NM cor-
responding to the logic of the so-called nilpotent minimum t-norm
(due to Fodor [11]); and SMTL corresponding to left-continuous strict
t-norms, introduced by Esteva (and others) in [15] and [23]. In par-
ticular, we show that the sets of 1-satisfiable and positively satisfiable
formulae of both NM and SMTL are NP-complete, while the set of 1-
tautologies of NM and the set of positive tautologies of both NM and
SMTL are co-NP-complete. The set of 1-tautologies of SMTL is only
shown to be co-NP-hard, and it remains open if this set is in co-NP.
Also, some results on the relations between these sets are obtained.
We point out that results about 1-satisfiability and 1-tautology for
NM are already well-known. However, in this paper, those results are
proved in different ways.

1 Introduction

Questions about the computational complexity of fuzzy propositional cal-
culi have been recently studied, and important results have been obtained
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for those logics based on continuous t-norms, namely Hájek basic logic BL,
Łukasiewicz logic Ł, Gödel logic G and product logic Π (see the monograph
[14] for a complete survey on these logical formalisms). For the computa-
tional complexity of propositional logics Ł, G, and Π, complete information
is already stated in [14]. On the other hand, [3] shows that the set of stan-
dard BL-tautologies (1-tautologies or identically 1-true formulae) to be co-
NP-complete, while positive tautologies as well as satisfiable formulae are
studied in [16]. Also, see [1] for a complete survey on the complexity results
concerning Hájek basic logic BL and for several of its schematic extensions.

Getting results for the Monoidal t-norm based Logic (MTL) analogous
to the ones obtained for BL seems quite a complex task, since the structure
of left-continuous t-norms is not yet totally known (see [29] for really nice
improvements about that topic). However, we can do some steps forward
by considering the computational complexity of some particular schematic
extensions of MTL which do exhibit positive results.

In particular we shall study the computational complexity of the two ex-
tensions NM and SMTL corresponding to the logic of the so-called nilpotent
minimum t-norm (due to Fodor [11]) and left-continuous strict t-norms, in-
troduced independently in [15] and [23]. We show that the sets of 1-satisfiable
and positively satisfiable formulae of both NM and SMTL are NP-complete,
while the set of 1-tautologies of NM and the set of positive tautologies of
both NM and SMTL are co-NP-complete. The set of 1-tautologies of SMTL
is shown to be co-NP-hard, and it remains open if this set is in co-NP. Also,
some results on the relations between these sets are obtained.

We point out that results about 1-satisfiability and 1-tautology for NM are
already well-known (see, for instance, [2], [8], [10] and [12]). However, note
that the proof given here differs from those given in the above cited works.
Thus there are no problem in recognizing the originality of the theorems
presented in the present paper.

Before studying the computational complexity of the two extensions NM
and SMTL, let us present an overview of some fundamental results, both
logical and algebraic, on left-continuous t-norms and their residua that will
be needed in this work.

1.1 Basic notions

A triangular norm (see [28]) T is a binary operation on [0, 1] that is as-
sociative, commutative and monotone in both arguments, and has 1 as an
identity element. If T is a t-norm, the residuum I of T is defined as: for all
a, b ∈ [0, 1]

I(a, b) = sup{c ∈ [0, 1] : T (a, c) ≤ b}.
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For our purposes it is interesting to note the following basic well-known
results on t-norms and their residua on [0, 1] (see for instance [6], [14]):

1. Left-continuity is the necessary and sufficient condition for a t-norm T
and its residuum I (R-implication, for short) to verify the residuation
property:

c ≤ I(a, b) iff T (c, a) ≤ b.

In that case (T, I) is called a residuated pair (see [25]). A corresponding
negation operation can also be defined by putting n(a) = I(a, 0).

2. A residuated implication satisfies the following prelinearity property:

max(I(a, b), I(b, a)) = 1.

3. Given a residuated pair (T, I); max is definable from min by the equa-
tion,

max(a, b) = min(I(I(a, b), b), I(I(b, a), a)).

4. A t-norm has no zero-divisor (x > 0 is a zero-divisor if there exists
y > 0 such that T (x, y) = 0) iff the corresponding negation is

n(x) = I(x, 0) =

{
1 if x = 0
0 otherwise

(1)

called Gödel negation, or equivalently iff the pseudo-complementation
condition min(x, n(x)) = 0 holds. A t-norm without zero-divisors is
called a strict t-norm.

Actually, in the literature of t-norms, the class of strict t-norms usually
refers to the class of Archimedean t-norms (continuous t-norms that do not
have idempotents except 0 and 1) with no zero divisors, that is, those t-
norms isomorphic to the product t-norm. In this paper, following [9], we use
strictness as equivalent to having no zero divisors, i.e. which verify for each
x, y in [0, 1]: T (x, y) = 0 iff (x = 0 or y = 0).

Example 1.1 The nilpotent minimum [11] is a left-continuous, but not con-
tinuous, t-norm. It and its residuum are defined by:

T (x, y) =

{
0 x+ y ≤ 1
min(x, y) x+ y > 1

,

I(x, z) =

{
1 x ≤ z
max{1− x, z} x > z

.
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The negation operation corresponding to nilpotent minimum t-norm is
n(x) = 1− x.

MTL-algebra [6] is a bounded residuated lattice (P,∧,∨, T, I, 0, 1), where
∧ and ∨ are the lattice meet and join operations and (T, I) is a residuated
pair, satisfying the prelinearity condition, ∀a, c ∈ P :

I (a, c) ∨ I (c, a) = 1. (prelinearity condition)

Monoidal t-norm based Logic [6], MTL for short, is a logic whose algebraic
counterpart is the class of MTL-algebras. The language of MTL is built
in the usual way from a denumerable set of propositional symbols using
the primitive connectives ∗,→,∧ and the truth constant 0̄. As definable
connectives, it has the negation and the double implication:

¬τ is τ → 0̄,

ξ ←→ τ is (ξ → τ ) ∗ (τ → ξ).

Also, in MTL, ∨ becomes definable in terms of ∗,→ and ∧ as

ξ ∨ τ is ((ξ → τ)→ τ ) ∧ ((τ → ξ)→ ξ).

An axiomatic system of Monoidal t-norm based Logic (MTL) can be found
in [6]. The deduction rule of MTL is modus ponens, i.e. from ξ and ξ → τ
derive τ .

Let Λ = (P,∧,∨, T, I, 0, 1) be an MTL-algebra. An evaluation of propo-
sitional variables is a mapping e assigning to each propositional variable p
its truth value e(p) ∈ P . This extends uniquely in the obvious way to an
evaluation eΛ of all propositional formulae using the operations on Λ as truth
functions.

Completeness of the logic MTL with respect to MTL-algebras and linearly
ordered MTL algebras holds (see [6]). Furthermore, standard completeness
for MTL (i.e. completeness w.r.t. the class of left-continuous t-norm based
[0, 1] structures) has been proved by Jenei and Montagana in 2002 (see [22]).
Therefore, since MTL-structures in the unit interval [0, 1] are defined by left-
continuous t-norms, MTL can be properly called the logic of left-continuous
t-norms and their residua, hence MTL is the most general residuated fuzzy
logic related to t-norms on the unit interval [0, 1] (recall that a t-norm has
residuum if and only if it is left continuous).

The logical system MTL is directly related to Hájek Basic Fuzzy Logic
BL [14], the fuzzy logic capturing the tautologies of continuous t-norms and
their residua [4]. The difference with MTL is due to the fact that in BL: (i)
the divisibility axiom (ξ ∗ (ξ → τ))←→ (ξ ∧ τ) holds since it is a tautology
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for those continuous t-norms; and (ii), as a consequence of (i), the min-
conjunction ∧ is definable in BL (ξ ∧ τ is ξ ∗ (ξ → τ)), and need not to be
introduced as a further primitive connective. For a comprehensive study of
basic logic, see Hájek [14] and Höhle ([17]-[20]). Łukasiewicz fuzzy logic Ł,
Gödel fuzzy logicG, and Product fuzzy logicΠ are obtained as extensions of
BL by one or two additional axioms. Moreover Boolean propostional calculus
(Boole) can be introduced as schematic extension of BL as Boole = BL +
(ζ∨¬ζ) [14]. (For historical comments see [14, Chapt. 10]; we point out that
the notion of a t-norm has been originated outside logic [28].) For a clear
overview of t-norm based logical systems, the reader is referred to Gottwald’s
work [13].

1.2 SAT and TAUT problems in a many-valued set-

ting

Let SATBoole be the set of all satisfiable formulas ζ in the Boolean proposi-
tional calculus, i.e. there is a {0, 1}-evaluation e of propositional variables of
ζ (i.e. e(p) = 0 or e(p) = 1) such that eBoole(ζ) = 1 (eBoole(ζ) is the value of ζ
given by the {0, 1}-evaluation e of propositional variables of ζ using Boolean
truth tables).

Theorem 1.1 [24](Cook’s theorem) SATBoole is NP-complete.

Remark 1.1 Let TAUTBoole be the set of all tautologies of Boolean propo-
sitional logic. Clearly, TAUTBoole is co-NP-complete since

ζ ∈ TAUTBoole iff ¬ζ /∈ SATBoole.

With a many-valued logic L, or a L-algebra Λ, one might wonder about
the definition of the SAT and TAUT problems, as the classical dichotomy
is no longer at hand. For a fixed semantics given by an algebra Λ, it makes
sense to distinguish the following sets of formulae (cf. [14]). In all cases
ζ stands for propositional formulae in the MTL-language and eΛ runs over
evaluations in Λ.

TAUTΛ1 = {ζ| for all eΛ, eΛ(ζ) = 1},
TAUTΛpos = {ζ| for all eΛ, eΛ(ζ) > 0},
SATΛ1 = {ζ| for some eΛ, eΛ(ζ) = 1},
SATΛpos = {ζ| for some eΛ, eΛ(ζ) > 0}.
These sets are referred to as 1-tautologies, positive tautologies, 1-satisfiable

formulae and positively satisfiable formulae of Λ.
Following [1] and [3], for a class k of algebras of the same type, one may

generalize:
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TAUT k1 = {ζ| for all Λ ∈ k and for all eΛ , eΛ(ζ) = 1},
TAUT kpos = {ζ| for all Λ ∈ k and for all eΛ, eΛ(ζ) > 0},
SAT k1 = {ζ| for some Λ ∈ k and for some eΛ, eΛ(ζ) = 1}.
SAT kpos = {ζ| for some Λ ∈ k and for some eΛ, eΛ(ζ) > 0}.
Unlike in classical logic, for a many-valued semantics there need not be a

simple relationship between its TAUT and SAT problems. The 1-tautologies
will probably be of most interest; however, the other sets present themselves
to be investigated as well.

2 Some Schematic Extensions of TheMonoidal

t-norm Logic: An Overview

Some genuine axiomatic extensions of MTL have been considered in [6] and
[7] where issues of standard completeness are analyzed. Two of the possible
schematics extensions are the so-called Nilpotent Minimum Logic (NM) and
Strict Monoidal t-norm Logic (SMTL). We first consider the extension NM
corresponding to a class of left-continuous t-norms called nilpotent mini-
mum t-norms. Then, we consider the extension SMTL capturing the logic
of left-continuous strict t-norms, i.e. those having the Gödel negation as the
associated negation.

2.1 The Logic of Nilpotent Minimum

Nilpotent Minimums are left-continuous t-norms that were introduced by
Fodor in [11]. Given an involutive negation n on [0, 1], the corresponding
nilpotent minimum t-norm Tn is defined as

Tn(x, y) =

{
0 if x ≤ n(y),
min(x, y) otherwise.

(2)

The corresponding residuated implication is given by

In(x, y) =

{
1 if x ≤ y,
max(n(x), y) otherwise.

(3)

It is straightforward to see that In(x, 0) = n(x), so the involution n is
actually the negation corresponding to Tn.

Nilpotent minimum has been discovered not by chance. There is a study
on contrapositive symmetry of fuzzy implications [11]. A particular case of
those investigations yielded nilpotent minimum. It is the standard example
of a left-continuous t-norm in the literature.

6



In [5], a subclass of left-continuous t-norms was studied, which are defin-
able by an arbitrary continuous t-norm T (rather than min) and a weak (i.e.
non necessarily involutive) negation n, thus generalizing the construction of
the nilpotent minimum t-norms. Studies on properties of fuzzy logics based
on left-continuous t-norms, and especially on the nilpotent minimum have
started only recently; see , [26], [27], [30] and [31] along this line.

The logic of nilpotent minimum (NM from now on), introduced by F.
Esteva and L. Godo [6], is the schematic extension of MTL resulting when
we add the following two axioms:

(WNM) ((ζ ∗ τ)→ 0̄) ∨ ((ζ ∧ τ )→ (ζ ∗ τ)).
(INV) ¬¬ζ → ζ.
An NM-algebra is a structure (L,∧,∨, Tn, In, 0, 1) which is an MTL-

algebra and satisfies the equations corresponding to (WNM) and (INV) ax-
ioms, that is

In(Tn(a, b), 0) ∨ In(a ∧ b, Tn(a, b)) = 1, n(n(a)) = a.
The decomposition of NM-algebras into subdirect products of linearly

ordered ones is proved as usual. Hence, completeness of the logic NM with
respect to NM-algebras and linearly ordered NM algebras also holds (see
[6]). The NM-algebra in [0, 1] defined by taking n(a) = 1 − a is called the
standard NM-algebra (see Example 1.1). Following Hájek’s denotation [16],
we will denote by [0, 1]NM the standard NM-algebra. It is also proved in [6]
that all nilpotent minima on [0, 1] are isomorphic, which implies the following
standard completeness theorem of Nilpotent Minimum Logic.

Theorem 2.1 [6] (Standard completeness). NM proves a formula ζ if and
only if ζ is a tautology with respect to the standard NM-algebra [0, 1]NM .

Theorem 2.1 says that the set of tautologies over all NM-algebras equal
to the set of tautologies over one particular algebra, which is the standard
NM-algebra [0, 1]NM .

The nilpotent minimum was slightly extended in [6] by allowing a weak
negation (a negation that satisfies the inequality a ≤ n(n(a))) instead of a
strong one in the construction. Based on this extension, monoidal t-norm
based logics (MTL) were studied also in [6], together with the involutive case
(IMTL). Properties and applications of the nilpotent minimum t—norm based
implication (called R0 implication there) were published in [27]. Its richness
is due to the fact that it is both an S-implication and an R-implication at
the same time, and thus advantageous features of both classes are combined.
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2.2 The Logic SMTL

Apart from the logic NM, another interesting extension of MTL, namely the
logic SMTL, has been considered in [7]. The logic SMTL is an extension
of MTL by adding the axiom ξ ∧ ¬ξ → 0̄. The corresponding semantical
models are the MTL-algebras satisfying the equation x∧n(x) = 0 (Pseudo-
complementation axiom). Of course both Product and Gödel logics are ex-
tensions of SMTL.

SMTL is proved to be standard complete [7] as MTL, i.e. complete
w.r.t. the class of left-continuous strict t-norm based [0, 1] structures. Hence
SMTL captures the logic of left-continuous strict t-norms or equivalently
left-continuous t-norms without zero divisors, i.e. those having the Gödel
negation (1) as the associated negation.

Actually, it is easy to find examples (see [7]) of SMTL-algebras in [0,1]
that are not BL-algebras , or in other words, to find left-continuous t-norms
T , which are not continuous, satisfying the axiom x ∧ I(x, 0) = 0 where I
is the residuum of T . One example is already shown in [16], here we show
a simpler one [7]. Namely, for 0 < a < 1 take the following left-continuous
t-norm:

Ta(x, y) =

{
a if x, y ≥ a and x+ y ≤ 1 + a

min(x, y) otherwise
(4)

which is basically the ordinal sum of a Gödel t-norm and of a nilpotent
minimum. It is easy to check that Ia(x, 0) = sup{z ∈ [0, 1]|Ta(x, z) ≤ 0} is 1
if x = 0 and is 0 otherwise, and hence the axiom x ∧ Ia(x, 0) = 0 is satisfied
where Ia is the residuum of Ta.

3 Computational Complexity of NM

Since NM is a standard complete logic (see Theorem 2.1) whose correspond-
ing variety is singly generated by the standard NM-algebra Λ = [0, 1]NM , we
shall set TAUTNM1 = TAUTΛ1 . The same kind of notation will be applied
to the other problems (i.e. TAUTNMpos , SATNM1 and SATNMpos ) in our classi-
fication. Moreover, an evaluation eΛ will be denoted by eNM (eNM(ζ) is the
value of ζ given by the evaluation e of propositional variables (by elements
of [0, 1]) and by the standard algebra of truth functions [0, 1]NM .)

Recall that in NM (since the negation is involutive), eNM(ζ) = 1 iff
eNM(¬ζ) = 0; likewise eNM(ζ) = 0 iff eNM(¬ζ) = 1. Thus we have the
following lemma:

Lemma 3.1 (i) ζ ∈ TAUTNM1 iff ¬ζ /∈ SATNMpos ,
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(ii) ζ ∈ TAUTNMpos iff ¬ζ /∈ SATNM1 .

Lemma 3.2 (i) SATBoole ⊂ SATNM1 ⊂ SATNMpos ,
(ii) TAUTNM1 ⊂ TAUTNMpos ⊂ TAUTBoole.

Proof. Non-strict inclusions are obvious from the definitions; strictness
is showed by simple examples. Indeed,
(p ∧ ¬p) ∈ SATNMpos − SATNM1 ,
(p→ ¬p) ∗ (¬p→ p) ∈ SATNM1 − SATBoole,
(p ∨ ¬p) ∗ (p ∨ ¬p) ∈ TAUTBoole − TAUTNMpos ,
(p ∨ ¬p) ∈ TAUTNMpos − TAUTNM1 .
The above two lemmas are analogous to the ones obtained for Łukasiewicz

logic in [14]. This is due to the fact that NM and Łukasiewicz logics are quite
close. In both, the negation is involutive and the implication can be defined
as in the classical case from negation and conjunction as ¬(ξ ∗ ¬τ).

Lemma 3.3 For each formula ζ in NM logic, let ζ# be the formula

(p1 ∨ ¬p1) ∗ ... ∗ (pm ∨ ¬pm) ∗ ζ

where p1, ..., pm are the propositional variables in ζ. Then

ζ ∈ SATBoole iff ζ# ∈ SATNM1 .

Proof. To prove the lemma observe first that for all evaluation e,
eNM(p ∨ ¬p) = 1 is equivalent to e(p) = 1 or e(p) = 0. Also, for any

{0, 1}-evaluation e of propositional variables of ζ (i.e. e(pi) = 1 or e(pi) = 0,
i = 1, ...,m), eBoole(ζ) = eNM(ζ) (i.e. they coincide for the values 0, 1). Thus,
the proof of the lemma runs as follows:

ζ# ∈ SATNM1 iff there is an evaluation e of propositional variables of ζ
such that eNM(ζ

#) = 1 iff there is an evaluation e of propositional variables
of ζ such that for all i = 1, ...,m, eNM(pi ∨ ¬pi) = 1 and eNM(ζ) = 1 iff e
is a {0, 1}-evaluation of propositional variables of ζ such that eNM(ζ) = 1 iff
ζ ∈ SATBoole.

Lemma 3.4 Let e be an evaluation of propositional variables of an arbitrary
formula ζ in NM logic (by elements of [0, 1]) such that e(p) �= 1

2
for all

propositional variables occurring in ζ. Then there is a {0, 1}-evaluation e′

of the propositional variables of ζ which satisfies

e′NM(ζ) = 1 iff eNM(ζ) >
1

2
,

and

e′NM(ζ) = 0 iff eNM(ζ) <
1

2
.
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Proof. For all propositional variables occurring in ζ, let e′(p) = 1 iff
e(p) > 1

2
and e′(p) = 0 iff e(p) < 1

2
. Hence, the proof of the lemma goes by

induction on the construction of ζ.

Lemma 3.5 For each formula ζ in NM logic, let ζ## be the formula

(p1 ∨ ¬p1)
2 ∗ ... ∗ (pm ∨ ¬pm)

2 ∗ ζ2

where p1, ..., pm are the propositional variables in ζ. Then

ζ ∈ SATBoole iff ζ## ∈ SATNMpos .

Proof. To prove the lemma observe first that eNM((p ∨ ¬p)
2) > 0 is

equivalent to eNM(p∨¬p) >
1
2
, which in turn is equivalent to e(p) �= 1

2
. Now,

suppose ζ## ∈ SATNMpos . Then there is an evaluation e of p1, ..., pm (variables

of ζ) such that eNM(ζ
##) > 0. This implies that eNM((pi ∨ ¬pi)

2) > 0 for
all i = 1, ...,m and eNM(ζ

2) > 0, which is equivalent to e(pi) �=
1
2

for all
i = 1, ...,m and e(ζ) > 1

2
. Thus, by Lemma 3.4, there is a {0, 1}-evaluation

e′ of the propositional variables of ζ which satisfies e′NM(ζ) = 1. Thus,
ζ ∈ SATBoole. This proves that if ζ## ∈ SATNMpos then ζ ∈ SATBoole. The
converse is immediate.

Lemma 3.6 Let ζ be an arbitrary formula in NM logic having m proposi-
tional variables p1, ..., pm. Then the following two statements are equivalent:

(i) There is an evaluation e′ of the propositional variables of ζ (by ele-
ments of [0, 1]) such that e′NM(ζ) = 1 (or e′NM(ζ) > 0).

(ii) There is an evaluation e of the propositional variables of ζ taking only
values in the set of 2m + 3 elements Dm = {0, 1

2m+2
, ..., 2m+1

2m+2
, 1} such that

eNM(ζ) = 1 (or eNM(ζ) > 0).

Proof. Suppose (i) holds. Let n be the involutive negation associated
with the standard NM-algebra. Then the set Z = {e′(p1)∨n(e

′(p1)), ..., e
′(pm)∨

n(e′(pm))} is contained in the subinterval [1
2
, 1]. Hence, there is an order iso-

morphism f of [1
2
, 1] onto [1

2
, 1] taking Z into Dm. We extend f into an order

isomorphism on [0, 1] by setting for all t ∈ [0, 1
2
]: f(t) = 1− f(n(t)). Thus,

it is easy to prove that f is an isomorphism of the standard NM-algebra
[0, 1]NM sending the set {e′(p1), ..., e

′(pm), n(e
′(p1)), ..., n(e

′(pm))} into Dm.
Thus, defining e(pi) = f(e′(pi)) for all propositional variables occurring in
ζ, eNM(ζ) = f(e′NM(ζ)) = 1 (or > 0). This proves (ii). The converse is
immediate.

Theorem 3.1 SATNMpos is NP-complete.
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Proof. Hardness: Let for every formula ζ, ζ## be the formula obtained
from ζ as in Lemma 3.5. Clearly, ζ## is computed from ζ in polynomial
time. Hence, Lemma 3.5 proves that SATBoole is polynomially reducible to
SATNMPos and thus, SATNMpos is NP-hard.

Membership: By Lemma 3.6, ζ ∈ SATNMpos iff there is an evaluation e of p1,
..., pm (variables of ζ) taking only values in the setDm = {0,

1
2m+2

, ..., 2m+1
2m+2

, 1}
such that eNM(ζ) > 0.

Thus an algorithm showing ζ ∈ SATNMpos guesses an evaluation e, e(pi) ∈
Dm, and computes the truth value. This shows that SATNMpos is in NP.

Theorem 3.1 and Lemma 3.1 (i) render the following corollary:

Corollary 3.1 TAUTNM1 is co-NP-complete.

Theorem 3.2 SATNM1 is NP-complete.

Proof. Let for every formula ζ, ζ# be the formula obtained from ζ as
in Lemma 3.3. Clearly, ζ# is computed from ζ in polynomial time. Hence,
Lemma 3.3 proves that SATBoole is polynomially reducible to SATNM1 and
thus, SATNM

1 is NP-hard. Membership (i.e., SATNM1 is in NP): Similar to
the proof of the membership in Theorem 3.1.

Theorem 3.2 with Lemma 3.1 (ii) render the following corollary:

Corollary 3.2 TAUTNMpos is co-NP-complete.

We point out that there are results about NM in literature (see, for in-
stance, [2], [8], [10] and [12]) proving the NP-completeness of SATNM1 and
SATNMpos . However, note that the proof given here differs from those given
in the above cited works. In particular, F.Esteva, Godo and Noguera [10]
have showed the NP-completeness of SAT1 and SATpos for the slightly more
general logical system obtained by adding rational truth constants to NM,
and hence the NP-completeness of NM follows as a corollary.

4 Computational Complexity of SMTL

The standard semantics of SMTL is formed by the class k of all SMTL-
algebras [0, 1]T = ([0, 1],∧,∨, T, I) where T is a left-continuous strict t-norm
with its residuum I, and ∧,∨ are min and max on [0, 1]. Since SMTL is
standard complete [7] (i.e. complete w.r.t. the class k of all SMTL-algebras
Λ = [0, 1]T ), we shall set TAUTSMTL1 = TAUT k1 . The same kind of nota-
tion will be applied to the other problems (i.e. TAUT SMTLpos , SAT SMTL1 and
SAT SMTLpos ) in our classification. Moreover, for SMTL-algebra Λ = [0, 1]T , an
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evaluation eΛ will be denoted by eT . Here eT (ζ) is the value of ζ given by
the evaluation e of propositional variables (by elements of [0, 1]) and by the
standard algebra of truth functions [0, 1]T .

Recall that both Product and Gödel logics are extensions of SMTL and all
these logics are characterized by having the Gödel negation as the associated
negation. In [14], the study of the computational complexity of Product
and Gödel logics depends mainly on this (i.e. their associated negations are
Gödel negation or equivalently their corresponding t-norms are without zero
divisors). Here, in our study of the complexity of SMTL, we use and modify
the apparatus used in [14, 6.2.2 - 6.2.9]. We have to start with the following
definition:

Definition 4.1 Let p1, ..., pm be propositional variables and J ⊆ {p1, ..., pm}.
J is understood as the set of variables evaluated by 0. We define, for each
formula ζ in SMTL built from p1, ..., pm, its translation ζJ as follows:

0̄J = 0̄, 1̄J = 1̄,

pJi =

{
0̄ if pi ∈ J
pi otherwise

,

(ζ → τ)J =






1̄ if ζJ = 0̄
0̄ if ζJ �= 0̄ and τJ = 0̄
ζJ → τJ otherwise

,

(ζ ∗ τ)J =

{
0̄ if ζJ = 0̄ or τJ = 0̄
ζJ ∗ τJ otherwise

,

(ζ ∧ τ )J =

{
0̄ if ζJ = 0̄ or τJ = 0̄
ζJ ∧ τJ otherwise

.

Recall that, in SMTL, ∨ and ¬ are definable in terms of →, ∧ and 0̄ as
ξ ∨ τ is ((ξ → τ )→ τ) ∧ ((τ → ξ)→ ξ),
¬τ is τ → 0̄.

Hence, by Definition 4.1 it is direct to see that

(ζ ∨ τ )J =

{
0̄ if ζJ = 0̄ and τJ = 0̄
ζJ ∨ τJ otherwise

,

(¬ζ)J =

{
0̄ if ζJ �= 0̄
1̄ otherwise

.

Lemma 4.1 For each formula ζ in SMTL built from p1, ..., pm, and each set
J ⊆ {p1, ..., pm}, the following hold:

(1) Either ζJ is 0̄ or ζJ is a formula not containing 0̄.
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(2) For each left-continuous strict t-norm T and for each evaluation e
such that e(pi) = 0 iff pi ∈ J, the following hold:

(i) eT (ζ
J) = 0 iff ζJ is 0̄,

(ii) eT (ζ) = eT (ζ
J).

Proof. (1) This follows directly from Definition 4.1 and by induction
on the construction of ζ, e.g. if ζ is ζ1 ∗ ζ2, then by induction hypothesis
either ζJ1 (or ζJ2 ) is 0̄ or ζJ1 (and ζJ2 ) is a formula not containing 0̄. Thus by
Definition 4.1 either ζJ = (ζ1 ∗ ζ2)

J is 0̄ or ζJ = (ζ1 ∗ ζ2)
J = ζJ1 ∗ ζ

J
2 is a

formula not containing 0̄. Similarly for the other cases.
(2) Let T be a left-continuous strict t-norm and e be an evaluation such

that e(pi) = 0 iff pi ∈ J . Then if ζ is pj, j ∈ 1, ...,m, then (by Definition
4.1) e(pj) = e(pJj ) and e(pJj ) = 0 iff pJj is 0̄. We now use the induction on the
construction of ζ.

(2-i) The induction hypothesis states that for all subformulae τ of ζ,
eT (τ

J) = 0 iff τJ is 0̄. Suppose ζ is ζ1 ∗ ζ2. Thus, if ζJ is not 0̄ then by part
(1) ζJ is a formula not containing 0̄, hence both ζJ1 and ζJ2 are not 0̄. Thus,
by induction hypothesis, eT (ζ

J
1 ) �= 0 and eT (ζ

J
2 ) �= 0. Then we get

eT (ζ
J) = eT ((ζ1 ∗ ζ2)

J)
= eT (ζ

J
1 ∗ ζ

J
2 )

= T (eT (ζ
J
1 ), eT (ζ

J
2 )) �= 0.

This proves that (in the case that ζ is ζ1∗ζ2) if ζJ is not 0̄ then eT (ζ
J) �= 0.

The converse is immediate. Similarly for the other cases.
(2-ii) The induction hypothesis states that for all subformulae τ of ζ,

eT (τ) = eT (τ
J). Suppose ζ is ζ1 → ζ2. Thus, if ζJ1 �= 0̄ and ζJ2 = 0̄ then

ζJ = 0̄ (by Definition 4.1), hence eT (ζ
J) = eT (0̄) = 0. On the other hand

eT (ζ) = eT (ζ1 → ζ2) = I(eT (ζ1), eT (ζ2))
= I(eT (ζ

J
1 ), eT (ζ

J
2 )) (by induction hypothesis)

= I(eT (ζ
J
1 ), 0) (by the assumption ζJ2 = 0̄)

= 0,
since eT (ζ

J
1 ) �= 0 (by the assumption ζJ1 �= 0̄ and the part (2-i)) and I is the

residuum of the left-continuous strict t-norm T . Hence, eT (ζ
J) = 0 = eT (ζ).

Otherwise (i.e. if not (ζJ1 �= 0̄ and ζJ2 = 0̄)),
eT (ζ

J) = eT ((ζ1 → ζ2)
J)

= eT (ζ
J
1 → ζJ2 ) (by Definition 4.1)

= I(eT (ζ
J
1 ), eT (ζ

J
2 ))

= I(eT (ζ1), eT (ζ2)) (by the induction hypothesis)
= eT (ζ1 → ζ2) = eT (ζ).

This proves that (in the case that ζ is ζ1 → ζ2), eT (ζ
J) = eT (ζ). Similarly

for the other cases.
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Recall that SATBoole is the set of all formulae ζ satisfiable in Boolean
(two-valued) logic. Similarly for TAUTBoole.

Lemma 4.2 The following are equivalent:
(1) ζ ∈ SAT SMTLpos ;

(2) for some J, ζJ is not 0̄;
(3) ζ ∈ SATBoole;
(4) ζ ∈ SAT SMTL1 .

Proof. Evidently, (3) implies (4) and (4) implies (1).
(1) implies (2): Suppose ζ ∈ SATSMTLpos . Then for a left-continuous strict

t-norm T , an evaluation e exists such that for J = {pi|e(pi) = 0} we get (by
Lemma 4.1 (2-ii)) eT (ζ

J) = eT (ζ) > 0 and hence ζJ is not 0̄, by Lemma 4.1
(2-i).

(2) implies (3): Now assume (2) and let e be a {0, 1}-evaluation such
that e(pi) = 0 for pi ∈ J and e(pi) = 1 otherwise. Since ζJ is not 0̄ we get
(by Lemma 4.1 (2-i)), for each left-continuous strict t-norm T , eT (ζ

J) �= 0
and hence eT (ζ

J) = 1. Then, by Lemma 4.1 (2-ii), eT (ζ) = 1 and hence
eBoole(ζ) = 1(since e is a {0, 1}-evaluation and both of eBoole and eT coincide
for values 0, 1). Thus ζ ∈ SATBoole. This completes the proof.

Corollary 4.1 The sets SAT SMTL1 , SAT SMTLpos , SATBoole are all equal; hence
they are NP-complete.

Lemma 4.3 The set TAUT SMTLpos is closed under modus ponens, that is if
ξ ∈ TAUT SMTLpos and (ξ → τ) ∈ TAUT SMTLpos then τ ∈ TAUT SMTLpos .

Proof. For each left-continuous strict t-norm T and for each evaluation
e,

T (eT (ξ), eT (ξ → τ )) ≤ eT (τ).
Thus if we assume eT (ξ) > 0 and eT (ξ → τ ) > 0 then T (eT (ξ), eT (ξ →

τ )) > 0 (since T has no zero divisors), which implies eT (τ) > 0. This gives
the result.

The local deduction theorem is valid in MTL [6] and hence it is valid in
SMTL, i.e., given a theory Γ and formulae ξ, τ in SMTL, then Γ∪{ξ} ⊢SMTL τ
iff there is an m such that Γ ⊢SMTL ξ

m → τ (where ξm is ξ∗...∗ξ, m factors).

Lemma 4.4 TAUT SMTLpos = TAUTBoole, thus TAUT SMTLpos is co-NP-complete.

Proof. Clearly, TAUT SMTLpos ⊆ TAUTBoole. On the other hand, for all
evaluations e, one has eSMTL(ζ ∨ ¬ζ) = 1 iff eSMTL(ζ) = 1 or eSMTL(ζ) = 0
(by the fact that, the negation in SMTL is Gödel negation). Hence, if ζ ∈
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TAUTBoole then ζ ∨ ¬ζ |=SMTL ζ, and hence ζ ∨ ¬ζ ⊢SMTL ζ. Thus by the
local deduction theorem, ⊢SMTL (ζ ∨ ¬ζ)

m → ζ. Hence [(ζ ∨ ¬ζ)m → ζ] ∈
TAUT SMTL1 .

Moreover, it is clear that ζ ∨ ¬ζ ∈ TAUT SMTLpos . Thus (ζ ∨ ¬ζ)m ∈
TAUT SMTLpos (since ∗ has no zero divisors in SMTL). Hence, by Lemma 4.3,
we get ζ ∈ TAUT SMTLpos . This proves that TAUTBoole ⊆ TAUT SMTLpos and
completes the proof.

Note that ζ ∈ TAUT SMTLpos iff ¬ζ /∈ SATSMTLpos .

Lemma 4.5 For each ζ, let ζ¬¬ be the formula resulting from ζ by re-
placing each propositional variable pi by its double negation ¬¬pi. Then
ζ ∈ TAUTBoole iff ζ¬¬ ∈ TAUT SMTL1 .

Proof. For each [0, 1]-evaluation e, let e′ be an evaluation such that
e′(pi) = n(n(e(pi))), clearly e′(pi) is 0 or 1 (since n is Gödel negation). We
now claim that for each left-continuous strict t-norm T , eT (ζ

¬¬) = e′T (ζ).
The proof of this claim is easy by induction on the construction of ζ as
follows: It is clear that the induction step holds by the definition of e′. The
induction hypothesis is that for all subformulae τ of ζ, e′T (τ) = eT (τ

¬¬).
Suppose ζ is ζ1 ∗ ζ2. Thus

e′T (ζ) = e′T (ζ1 ∗ ζ2) = T (e′T (ζ1), e
′

T (ζ2))
= T (eT (ζ

¬¬

1 ), eT (ζ
¬¬

2 )) (by induction hypothesis)
= eT (ζ

¬¬

1 ∗ ζ¬¬2 )
= eT (ζ

¬¬). Similarly for the other cases.
Now, suppose ζ ∈ TAUTBoole. Let e be any [0, 1]-evaluation of propo-

sitional variables of ζ. Then e′(pi) = n(n(e(pi))) is a {0, 1}-evaluation and
eT (ζ

¬¬) = e′T (ζ) = 1. Thus, ζ¬¬ ∈ TAUTSMTL1 .
On the other hand, suppose ζ¬¬ ∈ TAUT SMTL1 . Let e be any {0, 1}-

evaluation of propositional variables of ζ. Then e′(pi) = n(n(e(pi))) = e(pi)
and hence, eT (ζ) = e′T (ζ) = eT (ζ

¬¬) = 1. Thus, ζ ∈ TAUTBoole.
Lemma 4.5 proves that TAUTBoole is polynomially reducible to TAUTSMTL1 .

Thus, we have the following corollary:

Corollary 4.2 TAUTSMTL1 is co-NP-hard.

Corollary 4.3 Let Λ stands for any particular SMTL-algebra [0, 1]T where
T is a left-continuous strict t-norm. Then the following hold:

(i) SATΛ1 = SATΛpos = SATBoole, is NP-complete.
(ii) TAUTΛpos = TAUTBoole, is co-NP-complete.
(iii) TAUTΛ1 is co-NP-hard.
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Proof. (i) Direct by the following obvious inclusions SATBoole ⊆ SATΛ1 ⊆
SAT SMTL1 = SATBoole (by Corollary 4.1).

Similarly for SATΛpos.
(ii) TAUTBoole = TAUTSMTLpos (by lemma 4.4)

⊆ TAUTΛpos ⊆ TAUTBoole (obvious from the definitions).
(iii) Direct by Corollary 4.2 and by the fact that TAUTSMTL1 ⊆ TAUTΛ1 .

The set of 1-tautologies of SMTL (TAUT SMTL1 ) has only been proved
in Corollary 4.2 to be co-NP-hard. It remains open if the set TAUT SMTL1

is also in co-NP. We can solve the problem positively for some particular
left-continuous strict t-norms as what was done in [14], where Hájek proved
that the set of 1-tautologies of Gödel and product logics (as particular cases
of strict t-norms) are pairwise distinct and are co-NP-complete. This is
illustrated in the following example.

Example 4.1 Consider the SMTL-algebra Λ = [0, 1]Ta, where Ta is the left-
continuous strict t-norm given by (4). Based on the embeddability of the
standard NM-algebra [0, 1]NM in the SMTL-algebra [0, 1]Ta, it is easy to see
that TAUTΛ1 (the set of 1-tautologies in the SMTL-algebra Λ = [0, 1]Ta) is
co-NP-complete. For the argument of this result, it suffices to notice that
ζ /∈ TAUTΛ1 if and only if there exist J (recall the mapping ζJ from Definition
4.1) such that (∧

pi /∈J
pi ∧ ¬(ζ

J)
)
∈ SATNMpos

where p1, ..., pm be the propositional variables of ζ and J ⊆ {p1, ..., pm}. This
reduces polynomially the complement of TAUTΛ1 to SATNMpos , hence by The-
orem 3.1, we get the result.

We finally note that a careful inspection of the NP- and co-NP-hardness
proofs of Theorems 3.1, 3.2, and Corollary 4.2, reveals that the polynomial
time reductions used there can actually be done in logarithmic space with
linearly bounded output, and are even first order reductions (see [24] and
[21] for definitions of these terms). Thus, all of our completeness and hard-
ness results are still valid via logarithmic space reductions, and first order
reductions.
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